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One of the difficulties in aeroassisted orbital transfer vehicle design is the complexity of the guidance scheme. In
present aeroassisted orbital transfer guidance schemes, the reference value of the bank angle or the climb rate is
determined via a predictor-corrector algorithm so that the desired apogee can be reached after the vehicle exits the
atmosphere. These guidance schemes are quite sensitive to parameter dispersion effects due to atmospheric density
errors, system errors, navigation errors, and aerodynamic coefficient errors. An innovative guidance scheme, called
safety zone guidance, is developed. In this highly robust guidance, the control is not determined by aiming only at
the desired apogee; instead, for each altitude-velocity pair, a special value of the path inclination is determined by
maximizing the control margin while aiming at the desired apogee during the atmospheric pass. This results in a
robust and accurate guidance scheme as shown by extensive numerical tests.

I. Introduction

IN space flight, there exist two kinds of orbital maneuvers: 1)
transfer from a lower orbit to a higher orbit, requiring an increase

in total energy and 2) transfer from a higher orbit to a lower orbit,
requiring a decrease in total energy. Concerning transfer 2, propel-
lant savings are possible if the all-propulsive mode is replaced by
the synergetic mode, involving the combination of propulsive ma-
neuvers in space with aerodynamic maneuvers in the atmosphere,
hence the name aeroassisted orbital transfer (AOT).1'2 AOT maneu-
vers can be used in Mars exploration/return vehicles, lunar return
vehicles, and also near-Earth vehicles that must be transferred from
a higher orbit to a lower orbit.

For an AOT vehicle, the benefits of propellant saving and payload
increase must be weighted against the high-heating rates occurring
during the atmospheric pass and the complexity of the guidance
scheme.3 To answer this challenge, considerable effort has been
devoted during the last decade to the study of optimal trajectories
and the development of guidance schemes.4"7

The objective of the atmospheric pass guidance is to deplete ve-
locity so that, after exiting the atmosphere, the vehicle can ascend to
the specified apogee in the specified orbital plane; of course, the peak
heating rate during the atmospheric pass must be contained within
acceptable levels. Because the angle of attack is held constant at
the trim position [a = 11 deg for the aeroassisted flight experiment
(AFE) vehicle], the only control is the bank angle; thus, the modulus
of the bank angle is used to control the longitudinal motion, whereas
the sign of the bank angle is used to control the lateral motion.

Based on nominal trajectory analyses,8 the AOT guidance in-
cludes two phases: entry phase and exit phase. The objective of the
entry phase is to control the bank angle so as to contain the peak
heating rate during the atmospheric pass. The objective of the exit
phase is to control the bank angle so that the vehicle, after exit-
ing the atmosphere in the specified orbital plane, can ascend to the
specified apogee. In this paper, which continues the work initiated
in Ref. 9, the focus is on developing the exit phase guidance for an
AOT vehicle.10 For the complete guidance, involving both the entry
phase and the exit phase, see Ref. 11.

In developing the exit phase guidance, a major problem is to
ensure that the specified apogee radius can be reached after the at-
mospheric pass, even in the presence of severe parameter dispersion
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effects, such as atmospheric density errors, system errors, naviga-
tion errors, and aerodynamic coefficient errors. An added difficulty
is that, for an AFE type spacecraft, the longitudinal motion is intrin-
sically unstable and the lateral motion is nearly neutral. A further
difficulty is caused by the nearly exponential decrease of the atmo-
spheric density with the altitude.12"14

To overcome the cited difficulties, an innovative guidance scheme
is developed, based on optimization theory and control margin
theory.8 The intent of this scheme, called safety zone guidance
(SZG), is to guide the vehicle toward a special value of the path
inclination for each given altitude-velocity pair. This special path
inclination has the following property: it allows the vehicle to aim
at the specified apogee with maximum control margin during the
atmospheric pass.

As the subsequent analysis shows, the SZG is very robust to pa-
rameter dispersion effects and it allows the AOT vehicle to approach
the specified apogee radius with high accuracy after completing the
atmospheric pass. Indeed, the SZG is considerably more robust than
alternative guidance schemes, such as the constant bank angle guid-
ance (BAG), constant climb rate guidance (CRG), and constant path
inclination guidance (PIG).

II. System Description
The motion of the AOT spacecraft takes place partly in space and

partly in the atmosphere. For the purposes of this paper, the trajectory
begins at geosynchronous Earth orbit (GEO) (h — 35,786 km) and
ends at low Earth orbit (LEO) (h — 330 km). It includes a pre-
atmospheric branch, an atmospheric branch, and a postatmospheric
branch. We assume that GEO and LEO are coplanar circular orbits
with orbital plane coincident with that of the Space Shuttle.

The key points of the maneuver are these: point 00, exit from
GEO; point 0, atmospheric entry; point 1, atmospheric exit; point
11, entry into LEO. Point 00 is the apogee of the preatmospheric
transfer orbit 00 -> 0; point 11 is the apogee of the postatmospheric
transfer orbit 1 -> 11. Propulsive impulses are applied at two points:
at point 00 to deorbit from GEO; at point 11 to circularize the motion
into LEO; see Fig. 1.

For the atmospheric portion (h < ha) of the trajectory of the AOT
spacecraft, we employ an Earth-fixed system; for the space portion
of the trajectory (h > ha), we employ an inertial system; here,
ha ~ 122 km denotes the thickness of the atmosphere. For h < ha,
we compute the air density using the U.S. Standard Atmosphere,
197615; for h > ha, we assume that the air density is zero. For both
the atmospheric portion and the space portion of the trajectory, we
neglect the effects due to the oblateness of the Earth; we assume that
the gravitational field is central and obeys the inverse square law.

With reference to the atmospheric portion of the trajectory of the
AOT vehicle, the following additional hypotheses are employed:
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Fig. 1 Aeroassisted orbital transfer, GEO to LEO.

1) The atmospheric pass is made with the engine shut off; hence,
the AOT spacecraft behaves as a particle of constant mass. 2) Un-
der extreme hypersonic conditions, the dependence of the aerody-
namic coefficients on the Mach number and the Reynolds number
is disregarded. 3) The sideslip angle is zero; hence, the side force
component of the aerodynamic force is zero. 4) The angle of attack
is constant. 5) The AOT spacecraft is controlled via the angle of
bank. (An example of spacecraft flying at constant angle of attack
and variable angle of bank is the AFE spacecraft; see Ref. 14.)

A. Differential System
With the preceding assumptions and upon using an Earth-fixed

system, the equations of motion16 include the kinematical equations
for the longitude 9, latitude 0, and radius r,

0 =
V cos y cos x

rcos0

V cos y sin x

r = V sin y

(la)

(Ib)

(Ic)

and the dynamical equations for the velocity V, path inclination y,
and heading angle x,

V = ( — D / m ) — g sin y

4- CD2r (sin y cos2 0 + cos y sin x cos 0 sin 0) (2a)

y = (L/m V) cos jtx + [ ( V / r ) - (g/ V)] cos y + 2co cos x cos 0

+ (co2r/ V) (cos y cos2 0 — sin y sin x cos 0 sin 0) (2b)

L sin ju, V\f —- H- — cos y cos x tan0 + 2&>(sin0m V cos y r

tan y sin x cos 0) +
&)2r cos x cos 0 sin 0

V cosy (2c)

In the dynamical equations, D is the drag, L the lift, m the spacecraft
mass, /x the angle of bank, and co the angular velocity of the Earth;
terms linear in &> are due to the Coriolis acceleration; terms quadratic
in a) are due to the transport acceleration. Also in the dynamical
equations, the local acceleration of gravity is given by

g = Ve/r2 (3)

where ^e denotes the Earth gravitational constant. In addition, the
aerodynamic forces are given by

D = \CD(ct)p(K)SV2

L = ±CL(a)p(h)SV2

(4a)

(4b)

where CD is the drag coefficient, CL the lift coefficient, S a reference
surface area, and p the air density. The aerodynamic coefficients
depend on the angle of attack a and the density depends on the
altitude h, with

where re is the Earth radius. Although the bank angle is uncon-
strained, its time rate is subject to the inequality

-A < IJL < +A (5)

where A is a prescribed constant.
For given initial conditions and controls a = const and IJL =

Eqs. (1) and (2) can be integrated forward in time over the time in-
terval 0 < t < T. Here, the initial time t = 0 corresponds to atmo-
spheric entry, and the final time t — r corresponds to atmospheric
exit.

B. Entry Conditions
For the AOT vehicle, the examples considered in this paper as-

sume that the entry conditions are given, that is, they have the form

0o = given

o = given

?o = ra

V0 = given

Xo = given

Xo = given

(6a)

(6b)

(6c)

(6d)

(6e)

(6f)

where the tilde superscript refers to quantities computed in an inertial
system. Clearly, all of the state variables are given including V0

 and
yo, which must be prescribed consistently with the relation

2(4, - r«fa) Vl + (r2 cos2 y0 - r2,) V0
2 = 0 (7)

h = r — re (4c)

This relation arises from energy conservation and angular mo-
mentum conservation applied to the preatmospheric transfer orbit
00 -> 0 connecting GEO with atmospheric entry. Here, the symbol
V* = VOWO denotes a reference velocity, that is, the circular
velocity atr = ra.

C. Exit Conditions
For the AOT vehicle, the desired exit conditions are given by

r\ = ra (8a)

2^ - mra) V2 + (r2 cos2 ft - r2
n) V2 = 0 (8b)

i ' i=70 (8c)

61 = &Q (8d)

Clearly, the state variable r\ is given; the state variables V\ and
y\ must be chosen consistently with Eq. (8b); and the state vari-
ables 6*1, 0i, and x\ must be chosen consistently with Eqs. (8c) and
(8d), where i denotes the orbital inclination and Q the longitude of
the ascending node. Equation (8b) arises from energy conservation
and angular momentum conservation applied to the postatmospheric
transfer orbit 1-^11 connecting atmospheric exit with LEO. Equa-
tions (8c) and (8d) express the requirement that the exit orbital plane
must be identical with the entry orbital plane.

D. Remark
For brevity of notation, the differential system (1) and (2) has been

written in Earth-fixed coordinates, whereas the boundary conditions
(6) and (8) have been written in inertial coordinates. General trans-
formation relations allow one to pass from Earth-fixed quantities to
inertial quantities and vice versa. Once the state variables are known
in the inertial system, one can compute certain derived quantities,
such as the orbital inclination i , longitude of the ascending node
S, wedge angle rj, out-of-plane position angle <5, and out-of-plane
velocity angle e. For details, see Refs. 9-11.



MIELEANDWANG 551

III. Guidance Concepts
The objective of the atmospheric pass guidance is to deplete ve-

locity so that, after exiting the atmosphere, the vehicle can ascend
to the specified apogee in the specified orbital plane; of course, the
peak heating rate during the atmospheric pass must be contained
within acceptable levels. Furthermore, the AOT vehicle must be
able to safely execute the atmospheric pass even in the presence of
severe environmental conditions, such as atmospheric density er-
rors, system errors, navigation errors, and aerodynamic coefficient
errors.

To achieve the listed goals, based on optimal trajectory analysis
and control margin theory,8 we decompose the atmospheric pass
guidance into entry phase guidance and exit phase guidance. The
objective of the entry phase guidance is to contain the peak heating
rate within acceptable levels. The objective of the exit phase guid-
ance is to steer the vehicle to the specified apogee in the specified
orbital plane. The switch time ts from entry phase to exit phase is
to be determined as a compromise between the peak heating rate of
the entry phase and the control margin of the exit phase.

In this paper, assuming that the switch time ts has already been
determined,11 we focus our attention on exit phase guidance. The
latter can be further decomposed into longitudinal guidance and
lateral guidance. The objective of the longitudinal guidance is to
achieve the specified apogee after exiting the atmosphere; the ob-
jective of the lateral guidance is to achieve the specified orbital plane
at atmospheric exit.

Because the angle of attack is held constant at the trim position
during the atmospheric pass (ot = 17 deg for the AFE spacecraft),
the only control is the angle of bank //,. Thus, the modulus of the
bank angle is used to control the longitudinal motion, whereas the
sign of the bank angle is used to control the lateral motion.

We note that, for a typical AOT spacecraft, the longitudinal motion
is highly unstable, whereas the lateral motion is nearly neutral.9
Therefore, assuming that the control is fixed for the entry phase
(t < t s ) , we consider and compare various guidance strategies for
the exit phase (t > ts). Concerning the lateral motion, we assume
that the control is determined via the out-of-plane velocity angle s.
Whenever £ violates some prescribed altitude-dependent bounds,

-B(h) < e < +B(h) (9)

the bank angle changes sign.
With this understood, the generation of the bank angle value is

done in three steps: 1) the modulus of the bank angle IJLP is obtained
via the longitudinal motion control; 2) the command bank angle
[ic is obtained from ^p after the sign of the bank angle has been
determined via the lateral motion control; and 3) the real bank angle
[i is obtained from \LC in light of the bank angle time-rate constraint
(5); see Fig. 2 and Refs. 10 and 11.

IV. Predictor-Corrector Algorithm
In this section, we present the predictor-corrector algorithm gov-

erning the exit phase guidance in four versions: SZG; constant BAG;
constant CRG; and constant PIG. With SZG, one aims at the spec-
ified apogee while maintaining maximum control margin during
the atmospheric pass. With BAG, CRG, and PIG, one aims at the
specified apogee without consideration of control margin.

A. Differential System
Because use of the complete equations of motion (1) and (2) is

expensive in terms of CPU time, we employ decomposition tech-
niques decoupling the longitudinal motion from the lateral motion.17

The decoupling is possible if the following approximations are in-
troduced in Eqs. (1) and (2):

i = i0 (lOa)

a)2 = 0 (lOb)

Approximation (lOa) means that the instantaneous orbital plane is
nearly identical with the entry orbital plane and implies that

Approximation (lOb) means that terms quadratic in a> (transport
acceleration terms) are negligible with respect to terms linear in co
(Coriolis acceleration terms) and terms not containing co.

With this understanding, the longitudinal motion is described by
the following equations for the radius r, velocity V, and path incli-
nation y:

r = V siny (12a)

V = (-D/m)-gsiny (12b)

y = (L/m V) cos /z + [ (V/r ) - (g/ V)] cos y + 2co cos i'0 (12c)

in which the acceleration of gravity g, drag D, lift L, and altitude
h are described by Eqs. (3) and (4) of Sec. II. For given initial
conditions and controls ot = const and [L = /z(0 or /z = /x(r, V, y ) ,
Eqs. (12) can be integrated forward in time over the time interval
h < t < T. Here, the initial time t = tt corresponds to the present
position of the spacecraft, and the final time t = r corresponds to
atmospheric exit.

B. Control Law
For the guidance schemes under consideration, we investigate the

following control laws.
SZG:

cos [i = 0

BAG:

cos it = C

CRG:

cos/x = (m/L)[(D/m)tany + (g/cosy)

- (V2/r) cos y - 2o)V cos /0]

PIG:

(13a)

(13b)

(13c)

cos/I = (ra/L)[gcosy — (V2/r)cosy — 2coV cosz'o] (13d)

These control laws, respectively, imply the following.
SZG:

BAG:

CRG:

PIG:

= const

h = const

y = const

(14a)

(14b)

(14c)

(14d)

hence maximum control margin,8 constant bank angle, constant
climb rate, and constant path inclination. Of course, each of the
control laws (13) is subject to the inequality

-1 < cos At < +1 (15)

C. Initial Conditions
For the longitudinal motion system (12), the initial conditions

(time t = tj) are as follows.
SZG:

COS Z°0 = COS 0 COS X (11)

r/ = given,

BAG:

r,- = given,

t = given,

= given,

Yt = free

Yt = given

(16a)

(16b)
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CRG:

r, = given,

PIG:

r/ = given,

= given,

V/ = given,

y,- — free

y/ = free

(16c)

(16d)

Therefore, all of the state variables are given in the BAG; on the
other hand, y/ is free in the remaining guidance schemes.

D. Final Conditions
For the longitudinal motion system (12), the final conditions (time

t = r) are as follows:

- ra = 0

2 (rj\ - r ! ! ra) V? + 2 (r2 - r2
n ) cora Vl cos yl cos i0

cos yi-

(17a)

(17b)

Equation (17a) determines the final time r of the atmospheric pass.
Equation (17b) is a restatement of Eq. (8b) in light of the dynamic
transformation equations9"11 and the approximations (10).

E. Two-Point Boundary- Value Problem
For the guidance schemes under consideration, Eqs. (12-17) rep-

resent a nonlinear, two-point boundary- value problem (TPBVP) that
can be solved with a one-dimensional search, on recognizing that
the TPBVP is dominated by the following driving quantities: for
the constant BAG, the value of the constant C in Eq. (13b); for the
remaining guidance systems, the value of the initial path inclina-
tion y, in Eqs. (16a), (16c), or (16d). Once the driving quantity is
prescribed, Eqs. (12) can be integrated forward in time subject to
the appropriate control law (13) to yield the functions r ( t ) , V(t),
and y ( t ) over the time interval tj < t < r, with r determined by
Eq. (17a). Then, the driving quantity of each guidance scheme must
be determined so that Eq. (17b) is also satisfied. This requires a
trial-and-error procedure, which can be speeded up via a process of
linearization and/or bisection. Details are omitted for brevity.

F. Feedback Control
In the predictor-corrector algorithm, the TPBVP is solved every

At seconds. Therefore, a feedback control law is needed for the
time interval between successive solutions of the TPBVP, r/ < t <
tj + At.

In the SZG, let the functions r(t)9 V(t), and y (t) obtained from
the solution of the TPBVP be regarded as parametric equations
of the trajectory. For the time interval r,- < t < tt + At, elimination
of the parameter t from the functions V(t) and y (t) yields the func-
tion y*( V) that constitutes the safety zone during this time interval.
Therefore, the following feedback control law is assumed [see Eqs.
(13a)and(14a)]:

cos IJL = cos iJi*+k tan(Ay)

Ay = y - y*(V)

COS jL£* = 0

(18a)

(18b)

(18c)

where k is the gain coefficient and Ay is the deviation of the real path
inclination y from the computed safety zone path inclination y*(V).
Note that the function y*(\0» obtained by solving the TPBVP, must
be updated every At seconds. Also note that, for small deviations,
Eq. (18a) simplifies to

cos £t = cos /z* + A; Ay (18d)

In the constant BAG, Eqs. (18) are replaced by [see Eqs. (13b)
and (14b)]

cos tip = cos IJL*

cos IJL* = C

(19a)

(19b)

Note that the constant C, obtained by solving the TPBVP, must be
updated every At seconds.

In the constant CRG, Eqs. (18) are replaced by [see Eqs. (13c)
and (14c)]

= cos//,* + k(pR/p)Ah

Ah = h - hi*

cos/z* = (m/L)[(D/m)tany + (g/cosy)

- ( V2/r) cos y - 2coV cos z0]

(20a)

(20b)

(20c)

where p is the density at altitude h,pRa reference density at altitude
HR = 60 km, and A h the deviation of the real climb rate h from
the computed initial climb rate h /*. Note that the constant h /*
obtained by solving the TPBVP must be updated every At seconds.

In the constant PIG, Eqs. (18) are replaced by [see Eqs. (13d) and

cos tip = (2 la)

(21b)

cos /z* = (m/L) [g cos y — ( V2/r) cos y — 2coV cos /0] (21c)

with Ay the deviation of the real path inclination y from the com-
puted initial path inclination y/*. Note that the constant x/J|e, obtained
by solving the TPBVP, must be updated every At seconds.

G. Remark
In the feedback control laws (18-21), the values of cos IJLP and

cos IJL* are subject to inequality (15).

V. Dispersion Effects
In real AOT flights, there are dispersion effects arising from at-

mospheric density errors, system errors, navigation errors, and aero-
dynamic coefficient errors.

Let the subscript n denote a nominal condition; let the subscript
e denote an estimated condition; and let the absence of a subscript
denote a real condition. With this understanding, the following dis-
persion factors can be defined:

F -
~ PnW

Fy = — (22a)
y<»n

FL = CL/CLn (22b)

and

A, (A)
F -f!i
" ~ f , B '

Fy. = 12- (23a)y<b
(23b)

The dispersion factors (22) are the ratios of real quantities to nom-
inal quantities and are used in connection with the integration of
the three-dimensional equations of motion (1) and (2) simulating
the real environment. The dispersion factors (23) are the ratios of
estimated quantities to nominal quantities and are used in connec-
tion with the integration of the two-dimensional equations of motion
(12) employed in the predictor-corrector algorithm.

Clearly, the goodness of a guidance scheme is measured by the
range of values of the dispersion factors (22) and (23) for which the
AOT spacecraft can safely execute the atmospheric pass.

VI. Evaluation Criteria
In studying the effect of the dispersion factors (22) and (23) on the

atmospheric pass, certain physical quantities must be considered: the
peak heating rate, the minimum altitude, the control margin index,
the apogee altitude, and the characteristic velocity. In this paper, we
restrict our attention on the last two quantities. For extended infor-
mation on the remaining physical quantities, see Refs. 10 and 11.
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A. Apogee Altitude
Use of the energy and angular momentum conservation laws for

the transfer orbit connecting the atmospheric exit point (radius ra)
and the apogee point (radius r22 generally different from rn) yields
the following relation:

r22 =
ra V? cos2 y\

2 - V2)2 cos
(24a)

s2 n + V,4 sin2

with the implication that

h22 = r22 - re

Hence, the error in apogee altitude is

h22 - hn = r22 - rn

(24b)

(24c)

where rn is the desired LEO radius.
If the guidance is hypothetically perfect, the differences in

Eq. (24c) vanish, which is the same as stating that Eq. (24a) is
satisfied with r22 replaced by rn.

B. Characteristic Velocity
Assuming that r22 > rn, this includes two parts: the velocity

impulse A V22 at apogee and the velocity impulse AVn at perigee
(LEO), that is,

(25a)

(25b)

(25c)AvI1 = _/iv.+ /^.v.
V rn V rl!^33

where

(25d)

denotes the average radius between r22 and rn.
If the guidance is hypothetically perfect, rn = r22 = r33; the

right-hand side of Eq. (25c) vanishes; the characteristic velocity
reduces to

(26)

Note that Eqs. (25) and (26) do not include the GEO character-
istic velocity AV(x). This is because in the numerical experiments
of Sec. VIII, the comparison of guidance schemes is done for fixed
entry conditions; hence, for each given entry path inclination y0,
A V(X) must be regarded as a constant, independent of the particular
guidance scheme being considered.

VII. Experimental Data
In the numerical experiments of Sec. VIII, the AOT vehicle is the

AFE spacecraft (see Refs. 3 and 9-11).

A. Mission
The mission being simulated is the transfer from GEO (/z(K) =

35,786 km, corresponding to r(X) = 42,164 km) to LEO (hn =
330 km, corresponding to rn = 6708 km). The AFE spacecraft,
to be released and then recaptured by the Space Shuttle, enters and
exits the atmosphere in the same orbital plane as that of the Space
Shuttle, with orbital inclination i = 28.45 deg and longitude of the
ascending node & = -126.19 deg. The simulated entry conditions
correspond to a return from GEO.

B. Spacecraft
The mass of the AFE spacecraft is m = 1678 kg; the reference

surface area is S = 14.31 m2. For this configuration, the angle of
attack is constant, a = 17.0 deg. At this angle of attack,

CD = 1.355,

E = 0.281,

CL = -0.381

CM = 0.000

(27a)

(27b)

where E is the lift-to-drag ratio modulus and CM the moment coef-
ficient.

C. Physical Constants
The radius of the Earth is re = 6378 km; the radius of

the outer edge of the atmosphere is ra = 6500 km; the thick-
ness of the atmosphere is ha = 122 km; the Earth gravita-
tional constant is /^=0.3986E+06 km3/s2; the reference ve-
locity is V; = 7.831 km/s; the angular velocity of the Earth is
w = 0.7292E-04rad/s.

The assumed atmospheric model is that of the U.S. Standard
Atmosphere, 1976.15

D. Entry Conditions
In the inertial system, the given entry conditions are as follows:

longitude 0() = -134.52 deg; latitude </>0 = -4.49 deg; altitude
ho = 122 km, corresponding to the radius r() = 6500 km; head-
ing angle xo = -28.13 deg; orbital inclination i0 = 28.45 deg;
longitude of the ascending node £20 = —126.19 deg.

E. Exit Conditions
In the inertial system, the desired exit conditions are as follows:

altitude hi = 122 km, corresponding to the radius n = 6500 km;
orbital inclination z'0 = 28.45 deg; longitude of the ascending node
60 = -126.19deg.

F. Nominal Values
With reference to the dispersion factors (22) and (23) and the AFE

spacecraft, the nominal values in Eqs. (22) and (23) are as follows:

pn(h) = density of the 1976 U.S. Standard Atmosphere (28a)

tsn = 137.0s, y()n = -4.46 deg (28b)

CDn = 1.355, CLn = -0.381 (28c)

G. Bank Angle
For all of the guidance schemes, the only control is the bank

angle /z. The values of cos [i entering the predictor-corrector algo-
rithm are subject to inequality (15). The time rate of the bank angle
(i is subject to inequality (5), with

A = 15.0deg/s (29)

H. Entry Phase
For all of the guidance schemes, the entry phase control /z(r) is

fixed, specifically,

[L = 190,

^ = 190- 15r,

M = 0,

with jtx in degrees, t in seconds, and

fi =83.5, r2 = 96.2,

0 < t < ti

ti < t < h

h < t < f 3

(30a)

(30b)

(30c)

t3 = 137.0 (31)

Let ts denote the switch time from entry phase to exit phase. Three
cases must be considered:

1) Case where 0 < ts < t\\ the entry phase control reduces to
Eq. (30a) with ti replaced by ts .

2) Case where t\ < ts < t2: the entry phase control reduces to
Eq. (30a) -> Eq. (30b), with t2 replaced by ts.

3) Case where t2 < ts < J3: the entry phase control reduces to
Eq. (30a) -> Eq. (30b) -> Eq. (30c), with t3 replaced by ts.
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system.
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I. Exit Phase
For all of the guidance schemes, the exit phase control

obtained in three steps (see Fig. 2).
1) The predicted bank angle modulus ^p(t) is obtained via the

longitudinal motion control, specifically via the predictor-corrector
algorithm of Sec. IV.

2) The command bank angle ^JLC (t) is obtained from np (t) in light
of inequality (9), where

B = 0.52,

B = 0.52 - 0.44(/z - 75)/9,

B = 0.08-0.03(7*-84)/ll,

B = 0.05,

60</z<75 (32a)

75 < h < 84 (32b)

84</i<95 (32c)

95<h<l22 (32d)

with B in degrees and h in kilometers. Whenever the out-of-plane
velocity angle s violates inequality (9), the command bank angle
changes sign.

3) The real bank angle n(t) is obtained from ^c(t) in light of the
bank angle time-rate constraint (5), with A given by Eq. (29).

VIII. Numerical Results
The objective of the numerical tests was to compare the behav-

ior of the SZG, constant BAG, constant CRG, and constant PIG
with respect to dispersion effects due to various causes: atmospheric
density errors, switch time errors, entry path inclination errors, and
aerodynamic coefficient errors.

A. Atmospheric Density Errors
The first group of tests was made assuming that

FDe = 1, FLe =

(33a)

(33b)

implying, in particular, that y0 = -4.46 deg,^ = 137s. Concerning
the density, it was assumed that

Fp = 0.80 (33c)

Fpe = 0.80, 0.85, 0.90, 0.95, 1.00 (33d)

Clearly, the pair (Fp, Fpe) = (0.8, 0.8) corresponds to perfect den-
sity estimation, whereas the pair (Fp, Fpe) = (0.8,1.0) corresponds
to 25% error in the density estimation.

Figures 3 and 4 show the apogee altitude h22 and characteristic
velocity AV vs the estimated density factor Fpe for two guidance
schemes: SZG and BAG. The results for CRG and PIG are not
shown, since the behavior of these guidance schemes is the same
as or worse than BAG. For SZG, the values of h22 and AV are
roughly independent of Fpe; for BAG, they increase roughly linearly
with Fpe.

For Fpe — 0.8, the values of h22 and A V are nearly the same for
SZG and BAG. For Fpe = 1, however, the values of h22 and A V for
BAG are 4-5 times higher than the corresponding values for SZG;
thus, the superiority of SZG vis-a-vis BAG (hence, CRG and PIG)
is clearly shown.

Fig. 3 Apogee altitude vs estimated density factor, Fp = 0.8.
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Fig. 4 Characteristic velocity vs estimated density factor, Fp = 0.8.
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Fig. 5 SZG trajectory robustness, relative velocity vs time, Fp = 0.8.
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Fig. 6 SZG trajectory robustness, path inclination vs time, Fp = 0.8.

Figures 5 and 6 (SZG) and Figs. 7 and 8 (BAG) refer to trajectory
robustness and show the time histories of the relative velocity V(t)
and inertial path inclination y ( t ) for three values of the estimated
density factor Fpe. For SZG, the functions V(t) and y ( t ) exhibit a
mild dependence on Fpe\ for BAG, they exhibit a strong dependence
on Fpe. For BAG, the atmospheric exit takes place with higher values
of the velocity and inertial path inclination than for SZG; this leads
to considerable overshooting of the LEO (h22 ^> h\\) and, hence,



MIELE AND WANG 555

10.0 800

6.0
150 300 450 600 750

t(sec)

Fig. 7 BAG trajectory robustness, relative velocity vs time, Fp = 0.8.
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Fig. 8 BAG trajectory robustness, path inclination vs time, Fp = 0.8.
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Fig. 9 Apogee altitude vs switch time.

considerable increase in the characteristic velocity A V required for
circularization of the motion into LEO.

B. Switch Time Errors
The second group of tests was made assuming that

Fp = 0.8,

Fpe = 0.9, Fr, = l, FDe = \,

FL =

FLe =

(34a)

(34b)

implying, in particular, that y() = —4.46 deg. Concerning the switch
time, it was assumed that

Fs = Fse = 1.000, 0.927, 0.854, 0.781, 0.708 (34c)

corresponding to

ts = tse = 137, 127, 117, 107, 97 s (34d)

Clearly, Fs = 1 corresponds to nominal switch, whereas Fs = 0.708
corresponds to early switch by nearly 29% timewise.

Figures 9 and 10 show the apogee altitude h22 and characteristic
velocity A V vs the switch time ts for two guidance schemes: SZG
and BAG. The results for CRG and PIG are not shown, since they are
the same as or worse than BAG. For SZG, the values of /*22 and A V
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Fig. 10 Characteristic velocity vs switch time.
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Fig. 11 Apogee altitude vs entry path inclination.
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Fig. 12 Characteristic velocity vs entry path inclination.

are roughly independent of ts; for BAG, they change roughly linearly
with ts. In the range of switch times considered, the values of h22 and
A V for BAG are 3-8 times larger than the corresponding values for
SZG; thus, the superiority of SZG vis-a-vis BAG is clearly shown.

C. Entry Path Inclination Errors
The third group of tests was made assuming that

FP = 0.8,

Fpe = 0.9,

Fs = 0.526,

Fse = 0.526,

FL = 1 (35a)

FLe = l (35b)

implying, in particular, that ts = 72 s. Concerning the entry path
inclination, it was assumed that

FY = Fye = 1.000, 0.996, 0.989, 0.984, 0.978 (35c)

corresponding to

y0 = y()e = -4.46, -4.44, -4.41, -4.39, -4.36 deg (35d)

Clearly, FY = 1 corresponds to nominal entry, whereas FY =0.978
corresponds to flatter entry by 0.1 deg.

Figures 11 and 12 show the apogee altitude /z22 and characteris-
tic velocity AV vs the entry path inclination y() for two guidance
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Fig. 13 Apogee altitude vs estimated lift factor, FL = 0.5.
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Fig. 14 Characteristic velocity vs estimated lift factor, FL = 0.5.

schemes: SZG and BAG. The results for CRG and PIG are not
shown, since they are the same as or worse than BAG. For SZG,
the values of h22 and A V are roughly independent of y0; for BAG,
they change roughly quadratically with j/0. In the range of entry
path inclinations considered, the values of h22 and A V for BAG are
2-10 times larger than the corresponding values for SZG; thus, the
superiority of SZG vis-a-vis BAG is clearly shown.

D. Lift Coefficient Errors
The fourth group of tests was made assuming that

Fp = 0.9,

Fpe = 1.0,

Fs = 0.398,

Fse = 0.398,

Fy = 0.978,

Fye = 0.978,

FD = 1 (36a)

FDe = l (36b)

implying, in particular, that ts = 54.5 s, y0 = —4.36 deg. Concern-
ing the lift coefficient, it was assumed that

FL = 0.50 (36c)

FLe = 0.50, 0.63, 0.75, 0.88, 1.00 (36d)

Clearly, FLe = 0.5 corresponds to perfect lift coefficient estimation
and FLe = 1.00 corresponds to 100% error in the lift coefficient
estimation.

Figures 13 and 14 show the apogee altitude h22 and characteristic
velocity AV vs the estimated lift coefficient factor Fie for two
guidance schemes: SZG and BAG. The results for CRG and PIG
are not shown, since they are the same as or worse than BAG. For
SZG, the values of h22 and A V are roughly independent ofFLe; for
BAG, they change roughly quadratically with FLe. In the range of
estimated lift coefficient factors considered, the values of h22 and
A V for BAG are 4-11 times larger than the corresponding values for
SZG; thus, the superiority of SZG vis-a-vis BAG is clearly shown.

IX. Conclusions
In this paper, the atmospheric pass of an AOT spacecraft is con-

sidered and an SZG scheme is developed. The essence of the SZG
scheme is that, for any instantaneous altitude-velocity pair, the

spacecraft is guided to a special path inclination leading toward
the desired LEO with maximum control margin.

Extensive numerical tests were made comparing SZG with con-
stant BAG, constant CRG, and constant PIG. From these tests, the
following conclusions can be made:

1) SZG enables the spacecraft to approach the specified LEO with
high accuracy following the atmospheric pass.

2) SZG is extremely robust vis-a-vis dispersion effects due to
atmospheric density errors, system errors, navigation errors, and
aerodynamic coefficient errors.

3) SZG is considerably more robust than BAG, CRG, and PIG.
4) The explanation for these properties lies in the fact that SZG is

constructed so as to maximize controllability while completing the
atmospheric pass and aiming at the desired LEO; on the other hand,
BAG, CRG, and PIG are constructed by aiming only at the desired
LEO, while ignoring the controllability issue.
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